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In order to understand the detailed dynamics of systems produced in pp collisions, it is essential
to know about the Equation of State (EoS) and various thermodynamic properties. In this work,
we study the shear viscosity to entropy density ratio, isothermal compressibility and speed of sound
of the system by considering a differential freeze-out scenario. We have used a thermodynamically
consistent Tsallis non-extensive statistics to have a better explanation for the dynamics of pp collision
systems. While the shear viscosity to entropy density ratio provides information about the measure
of fluidity of a system formed in high energy collisions, the isothermal compressibility gives a clear
idea about the deviation of the system from a perfect fluid. The speed of sound in the system as
a function of 〈dNch/dη〉 gives us a vivid picture of the dynamics of the system. The results show
quite an intuitive perspective on high multiplicity pp collisions and give us a limit of 〈dNch/dη〉 &
(10 - 20), after which a change in the dynamics of the system may be observed.
PACS numbers:
I. INTRODUCTION
Ultra-relativistic collisions of protons and heavy-ions
at the Large Hadron Collider (LHC) at CERN, Switzer-
land, have been instrumental in understanding the sub-
lime nature of the microscopic world at very high ener-
gies. One of the most astounding facets of the micro-
scopic realm is a relatively new state of matter called
Quark Gluon Plasma (QGP), which is expected to be
formed in such collisions. QGP has partons (quarks and
gluons) as the degrees of freedom, and exists at very high
temperature and/or baryon density. Earlier, it was be-
lieved that there wouldn’t be any QGP formation in pp
collisions. However, recent studies indicate possible for-
mation of QGP droplets in high multiplicity pp collisions
[1–3]. Such reasons compel us to study high energy pp
collisions with ever-increasing interest. Understanding
the behavior of matter in the hadronic phase of these
type of collisions, and having the knowledge about vari-
ous thermodynamical quantities involved is very useful.
The coefficient of shear viscosity to entropy density ra-
tio (η/s), isothermal compressibility (κT) and speed of
sound (cs) are such thermodynamic quantities that tell
us about the fascinating behaviours of the system.
The space-time evolution of a system formed in ultra-
relativistic high energy collisions is governed by its dis-
sipative properties such as the shear viscosity (η). To
understand the behavior of a system formed in such col-
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lisions, η/s is one of the most important properties. The
elliptic flow measurements from heavy-ion collisions at
RHIC [4] have found that the medium formed in such col-
lisions gives η/s value closer to the KSS bound (Kovtun-
Son-Starinets) [5], which might suggest that QGP is al-
most a perfect fluid [6, 7]. Thus η/s can be used to study
the measure of fluidity of a system.
κT gives us information about how the volume of a
system changes with the change in pressure at constant
temperature [8]. It tells us about the deviation of a real
fluid from a perfect fluid. For a perfect fluid, κT = 0;
which means the fluid is incompressible. However, no
such fluid exists in nature. But, recent findings have
shown that QGP behaves as a nearly perfect fluid, having
the lowest κT estimated till now [9]. This also comple-
ments previous findings of the ratio of shear viscosity and
entropy (η/s) from ADS/CFT calculations which gives a
lower bound (KSS bound) to the ratio [5].
The study of speed of sound will help us to have a
proper idea about the equation of state (EOS) of the sys-
tem. It plays a crucial role in the hydrodynamical evolu-
tion of the matter created in the collisions. It also affects
the momentum distributions of the particles created in
the collision systems. Observations from heavy-ion colli-
sions have proved that the speed of sound is different in
three different phases in the evolution of the collision sys-
tems, namely the QGP phase, the mixed phase and the
hadronic phase. For a massless non-interacting gas, the
value of the squared speed of sound, c2s is 1/3, whereas
for a hadron gas the value is around 1/5 [10]. The expan-
sion time scale of the system is a measure of the speed
of sound which is given by τ−1exp ∼ 1 ∂∂τp =
1+c2s
τp
[11].
Here,  is the energy density of the system and τp is the
proper time. While the collision time scale is given by
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2τ−1coll ∼ nσv, where n is density of particles, σ is the col-
lision cross section and v is the particle velocity. For a
system to be in thermal equilibrium, the expansion time
scale must be greater than the collision time scale. How-
ever, we are taking a differential freeze-out scenario, so
it will be interesting to see how the speed of sound varies
for different hadronic species as a function of charged
particle multiplicity.
A large number of particles are produced in high en-
ergy collisions, which demands us to take a statistical ap-
proach to study the QCD matter, the particle production
and the thermodynamics of the systems. The transverse
momentum (pT) of the final state particles produced in
high energy collisions are expected to follow a thermal-
ized Boltzmann-Gibbs (BG) distribution. However, it is
experimentally observed that the pT-spectra in pp col-
lisions at the RHIC [12, 13] and LHC [14–17] energies
show a deviation from thermalized Boltzmann distribu-
tion. Higher contribution of pQCD effects are respon-
sible for this deviation and the spectra are better de-
scribed by a combination of Boltzmann-type exponential
and pQCD inspired power-law distribution. Although
a first principle derivation of Tsallis non-extensive dis-
tribution [18] is still a question, empirically it has been
very successful in describing the pT-spectra in hadronic
collisions. This is used for getting the multiplicity and
thus particle ratios in experimental papers. There are
vast theoretical developments in this front to bring up
the physics messages, which include considering systems
formed in hadronic collisions as away from equilibrium,
system thermodynamics etc. Although there are vari-
ous forms of the Tsallis distribution function used in the
literature, a thermodynamically consistent distribution
function is used in this paper to describe the pT-spectra
in LHC pp collisions [19]. The deviation from equilib-
rium is denoted by a parameter q, with q = 1 denoting
the equilibrium condition (BG scenario). At high charged
particle multiplicity in high energy collisions, q tends to 1,
which is an indication that the system has attained global
equilibrium. The extracted thermodynamic parameters
[20] such as temperature, T and non-extensivity parame-
ter, q are obtained for different multiplicity classes, which
are then used to have the estimation of shear viscosity to
entropy density ratio, isothermal compressibility and the
speed of sound in the medium (related to the equation of
state).
In this paper, we study the shear viscosity to entropy
density ratio, the isothermal compressibility and speed
of sound in high energy pp collisions. In section II, we
give a brief formulation for shear viscosity, isothermal
compressibility and c2s using non-extensive statistics. In
section III, the results and discussions are given. Finally
we summarize our findings in section IV.
II. FORMULATION
As discussed in the previous section, a finite degree of
deviation from the equilibrium statistical description of
transverse momentum spectra has been observed by ex-
periments at RHIC and LHC [12–17, 21]. In addition, the
matter produced in these experiments evolves rapidly in a
non-homogeneous way. Hence, the spatial configuration
becomes non-uniform and the global equilibrium in the
system is not established [22–25]. Due to this, some ther-
modynamic observables become non-extensive. This may
also happen if there are local temperature fluctuation
and long-range correlations in the produced system [26].
Thus, for the calculation of shear viscosity, we use the
relativistic non-extensive Boltzmann transport equation
where we assume that a non-equilibrium system, which
dissipates energy and produces entropy relaxes to a lo-
cal q-equilibrium after a certain relaxation time. For a
detailed description and calculation, one can follow the
Refs. [27–29]. Here, we briefly describe the formulation.
The Boltzmann transport equation (BTE) is given by,
∂fp
∂t
+ vip
∂fp
∂xi
+ F ip
∂fp
∂pi
= I(fp), (1)
where vip is the velocity of the ith particle and F
i
p is the
external force acting on that particle, whereas I(fp) is
the collision integral which gives the rate of change of
the non-equilibrium distribution function fp when the
system approaches a q-equilibrium.
Under the approximation of no external force and pro-
ceeding with the relaxation time approximation (RTA),
the collision integral can be approximated as,
I(fp) ' −
(fp − f0p)
τ(Ep)
, (2)
where τ(Ep) is called the relaxation time or collision
time, which can be interpreted as the mean time be-
tween collisions. Also, we consider the thermodynam-
ically consistent Tsallis distribution function, having q
value close to 1, as an asymptotic equilibrium function,
which is called as a q-equilibrium. Thus, Tsallis distri-
bution function is taken as f0p near the local rest frame
of the fluid. One should note here that the above RTA
is made in order to simplify the collision term. However,
the exact collision term calculation in the non-extensive
BTE is more complicated than in the classical BTE and
it is beyond the scope of this manuscript. Nevertheless,
these calculations can be used to make reasonable first
estimations for different transport coefficients [27].
The thermodynamically consistent Tsallis distribution
function is given as,
f0p =
1[
1 + (q − 1)
(
Ep−p.u−µ
T
)] q
q−1
, (3)
where u is the fluid velocity, T and µ are the temperature
and the chemical potential respectively.
3The stress-energy tensor is given by,
Tµν = Tµν0 + T
µν
dissipative, (4)
where Tµν0 is the ideal part and T
µν
dissipative is the dissi-
pative part of the stress-energy tensor. When we provide
hydrodynamical description of QCD, the shear viscosity
(η) and bulk viscosity (ζ) are included in the dissipative
part of stress-energy tensor, which can be written in the
local Lorentz frame as,
T ij = −η
(
∂ui
∂xj
+
∂uj
∂xi
)
−
(
ζ − 2
3
η
)
∂ui
∂xj
δij . (5)
In terms of distribution function, the above expression
becomes,
T ij =
∫
d3p
(2pi)3
pipj
Ep
δfp. (6)
Here δfp is the deviation of the distribution function from
the q-equilibrium and is given by (from Eq. 1 and 2),
δfp = −τ(Ep)
(
∂f0p
∂t
+ vip
∂f0p
∂xi
)
. (7)
Under the assumption of a steady flow of the form
ui = (ux(y), 0, 0) and space-time independent tempera-
ture, Eq. 5 becomes T xy = −η∂ux/∂y. From Eq. 6 and
7, by using µ = 0 (for LHC energies), we get,
T xy =
{
− 1
T
∫
d3p
(2pi)3
τ(Ep)
(
pxpy
Ep
)2
q (f0p)
2q−1
q
}
∂ux
∂y
.
(8)
For a single component of hadronic matter, the co-
efficient of shear viscosity η can be expressed with the
non-extensive parameters as,
η =
1
15T
∫
d3p
(2pi)3
τ(Ep)
p4q
E2p
(f0p)
(2q−1)
q (9)
The energy dependent relaxation time is given by,
τ−1(Ea) =
∑
bcd
∫
d3pbd
3pcd
3pd
(2pi)3(2pi)3(2pi)3
W (a, b→ c, d)f0b ,
(10)
where Ea is the energy of the ath particle and f
0
b is the
distribution function for bth particle. W (a, b → c, d) is
the transition rate defined as,
W (a, b→ c, d) = 2pi
4δ(pa + pb − pc − pd)
2Ea2Eb2Ec2Ed
|M|2, (11)
where |M| is the transition amplitude. In the centre-of-
mass frame Eq. 10 can be written as,
τ−1(Ea) =
∑
b
∫
d3pb
(2pi)3
σab
√
s− 4m2
2Ea2Eb
f0b
≡
∑
b
∫
d3pb
(2pi)3
σabvabf
0
b (12)
where vab is the relative velocity and
√
s is the centre-of-
mass energy and σab is the total scattering cross-section
in the process. τ(Ea) can be further written approxi-
mately as the averaged relaxation time (τ˜), which can be
obtained from Eq. 12 by averaging over f0a as,
τ˜a
−1 =
∫
d3pa
(2pi)3 τ
−1(Ea)f0a∫
d3pa
(2pi)3 f
0
a
=
∑
b
∫
d3pa
(2pi)3
d3pb
(2pi)3σabvabf
0
af
0
b∫
d3pa
(2pi)3 f
0
a
=
∑
b
nb〈σabvab〉. (13)
nb is the number density of bth particle. Here, all the
calculations are done for one single hadronic species at a
time. The thermal average of the scattering of the same
species of particles with constant cross-section and zero
baryon density can be estimated as,
〈σabvab〉 =
σ
∫
d3pad
3pbvabe
−EaT
q e
−EbT
q∫
d3pad3pbe
−EaT
q e
−EbT
q
, (14)
where e
(x)
q is the q-exponential which is defined as,
e(x)q = [1 + (q − 1)x]q/(q−1). (15)
The momentum space volume elements are be written as,
d3pad
3pb = 8pi
2papbdEadEb dcosθ. (16)
On solving, Eq. 14 can be further written as,
〈σabvab〉 =
σ
∫
8pi2papbdEadEb dcosθe
−EaT
q e
−EbT
q
√
(EaEb−papbcosθ)2−(mamb)2
EaEb−papbcosθ∫
8pi2papbdEadEb dcosθe
−EaT
q e
−EbT
q
. (17)
4σ is the hadronic collision cross-section and a constant
value of 11.3 mb [28, 29] is used in our calculations.
The thermodynamical quantities in non-extensive statis-
tics are calculated as [30],
n = g
∫
d3p
(2pi)3
[
1 + (q − 1)E − µ
T
] −q
q−1
(18)
 = g
∫
d3p
(2pi)3
E
[
1 + (q − 1)E − µ
T
] −q
q−1
(19)
P = g
∫
d3p
(2pi)3
p2
3E
[
1 + (q − 1)E − µ
T
] −q
q−1
. (20)
n,  and P are the number density, energy density and
pressure of hadrons, respectively. g is the particle degen-
eracy. Also, the non-extensive entropy density is given
by,
s =
+ P − µn
T
(21)
From thermodynamics, the isothermal compressibility
(κT) is defined as [28, 31, 32],
κT = − 1
V
∂V
∂P
∣∣∣∣
T
, (22)
where V, P and T are the volume, pressure and temper-
ature of the system. In terms of multiplicity fluctuations
and average number, isothermal compressibility can be
defined as,〈
(N − 〈N〉)2
〉
= var(N) =
T 〈N〉2
V
κT , (23)
where N is the particle multiplicity. From basic thermo-
dynamic relation, we have〈
(N − 〈N〉)2
〉
= V T
∂n
∂µ
. (24)
Thus, from Eq.23 and Eq.24 we derive the expression,
κT =
∂n/∂µ
n2
(25)
where,
∂n
∂µ
=
gq
T
∫
d3p
(2pi)3
[
1 + (q − 1)E − µ
T
] 1−2q
q−1
(26)
At the LHC energies, the baryochemical potential of the
system is almost zero and for our studies, we use µ =
0 in the calculations. To have a better understanding
about a system, it is important to know the Equation of
State (EoS) which is given by the speed of sound in that
system. Speed of sound squared is given by [33],
c2s =
(
∂P
∂
)
s/n
. (27)
It can be further written as,
c2s =
(∂P∂T )
( ∂∂T )
. (28)
III. RESULTS AND DISCUSSION
The experimental data from ALICE for pp collisions
at
√
s = 7 TeV [34] are used for this analysis. We have
taken T and q values from Tsallis distribution function
by fitting the pT-spectra of produced identified particles
in a differential freeze-out scenario [35]. The Eq. 9 and
Eq. 21 are used to calculate the shear viscosity to en-
tropy density ratio. Fig. 1 shows the coefficient of shear
viscosity to entropy density ratio as a function of charged
particle multiplicity. The final state charged particle mul-
tiplicity density in pseudorapidity, 〈dNch/dη〉 is used as
an event classifier in pp collisions at the LHC energies
in order to classify low-multiplicity and high-multiplicity
events – like centrality classification in heavy-ion colli-
sions. This is required to study various observables as
a function of final state system multiplicity. We ob-
serve that η/s decreases with increase in 〈dNch/dη〉 and
at higher multiplicity it becomes the lowest approaching
the KSS bound value. As pion being the lightest parti-
cle among the studied particles, the density of pions is
higher in a system formed in high energy collisions. Thus,
pions exhibit lowest η/s at low multiplicity and all the
particles approach to a minimum η/s at high-multiplicity
pp collisions. At high multiplicity beyond 〈dNch/dη〉 &
(10 - 20), η/s becomes almost constant and remain the
same for all the particles. Thus the limit 〈dNch/dη〉 &
(10 - 20) can be interpreted as the threshold after which
the system seems to be going through a change in its
dynamics. This is one of the significant observations in
the current work due to the fact that we use an exper-
imentally motivated and thermodynamically consistent
Tsallis distribution to explain the experimental data and
the obtained results indicate a possible formation of QGP
droplets in high multiplicity pp collisions.
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FIG. 1: (Color online) η/s as a function of charged parti-
cle multiplicity for pp collisions at
√
s = 7 TeV for different
charged particles.
5In order to look deeper into the possibility of a near
perfect fluid behaviour of the produced system, let us
now study another important observable in this direc-
tion, i.e. the isothermal compressibility. For this, we
take various identified particles produced in pp collisions
and use Eq.25 to estimate isothermal compressibility in
which T and q values are taken by fitting Tsallis distribu-
tion function to the pT-spectra [34, 35]. Figure 2 shows
the variation of κT of the identified particles as a func-
tion of charged particle multiplicity. We observe that κT
decreases with the increase in 〈dNch/dη〉. This result is
in agreement with our previous findings [9]. For lighter
particles, the values of κT are lower and the values in-
crease as the mass of the particles increase till a certain
〈dNch/dη〉. Pion being the lightest meson, has the lowest
κT as compared to the others. This is because, κT is in-
versely proportional to the number density of the system.
As pion number density is highest in a collision system,
its isothermal compressibility is the lowest. However, as
it is clearly seen, for higher charged particle multiplicity
(〈dNch/dη〉 & 10 - 20), the κT of all the hadrons con-
verge together and show only a slight variation from each
other. Beyond this threshold limit, a QGP-like medium
formation is expected regardless of the collision systems
[36]. It is worth mentioning here that a differential ki-
netic freeze-out scenario becomes a single freeze-out as
has been discussed in heavy-ion collisions for a multiplic-
ity threshold of 〈dNch/dη〉 & 10 - 20, which is one of the
important findings of the present study.
The isothermal compressibility of water at room tem-
perature is reported to be 6.62×1042 fm3/GeV [37]. We
have estimated the κT of the hadron gases to be around
10 fm3/GeV at high charged particle multiplicity. This
value is still larger than the isothermal compressibility
found for QGP-like medium in our previous work, which
was found to be ∼ 0.3 fm3/GeV [9].
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FIG. 2: (Color online) κT as a function of charged particle
multiplicity for pp collisions at
√
s = 7 TeV for different final
state particles.
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FIG. 3: (Color online) Speed of sound squared vs charged par-
ticle multiplicity for pp collisions at
√
s = 7 TeV for different
final state particles.
The speed of sound squared (c2s ) being related to the
equation of state of the system (EoS), is one of the im-
portant thermodynamic observables. In Fig. 3, we have
plotted the c2s as a function of charged particle multiplic-
ity, which is calculated using Eq.28. We observe that c2s
increases with the increase in 〈dNch/dη〉. Here we see a
mass ordering between the identified particles. As pion
is the most abundant particle in the system, the c2s for
pion is the highest. These observations complement the
previous estimations [38, 39]. The other particles follow
the same trend accordingly. At low 〈dNch/dη〉, the speed
of sound is lower. This is because the c2s depends on the
density of the system. For low charged particle multi-
plicity, the density is lower, and it increases slowly with
increase in 〈dNch/dη〉. However, after a certain charged
particle multiplicity, the density of the system doesn’t
change [40]. We observe that there is a transition in the
behavior of the c2s plot at around 〈dNch/dη〉 & 10 - 20,
and almost becomes constant after this limit. This gives
us a hint about a change in the dynamics of the systems
after certain charged particle multiplicity. The squared
value of the speed of sound in air at room temperature is
1.3×10−12 and in distilled water at room temperature it
is around 2.5×10−11 [41]. With comparison to these, the
c2s of the hadron gases we found here is very high. This
indicates the fact that, the hadron gas systems formed
in high energy collisions are very dense mediums and at
higher charged particle multiplicities, the value of c2s tend
towards 1/3, which means the medium behaves like al-
most an ideal gas.
IV. SUMMARY
In summary,
1. We have estimated the shear viscosity to entropy
6density ratio of the system produced in pp collision
at
√
s = 7 TeV energy and observed that at higher
charged particle multiplicity, η/s becomes the low-
est, approaching the KSS bound. This helps us to
conclude that at higher charged particle multiplici-
ties, the system could be non-dissipative in nature.
2. In order to look deeper into the possibility of a near
perfect fluid behaviour of the produced system, we
have also estimated the isothermal compressibility
of the hadron gases in pp collision system by consid-
ering differential freeze-out scenario. We observed
that κT of the systems decreases with the increase
in the charged particle multiplicity. This suggests
that at higher charged particle multiplicity, the sys-
tem is less compressible.
3. The shear viscosity to entropy density ratio and
isothermal compressibility becoming independent
of particle species around 〈dNch/dη〉 & 10-20 is an
indication of a transition from differential to single
kinetic freeze-out, as is observed in heavy-ion col-
lisions. This observed threshold in the final state
charged particle density is an important finding in
view of the scaling observed in the LHC energies
across different collision species.
4. The speed of sound squared for different particles
are estimated. We see a range of values from 0.15
to 0.32 for different particles, with pion having the
highest c2s .
5. In all our findings, we have observed a limit of
〈dNch/dη〉 & 10 - 20 after which the system ap-
pears to be going through some change in its dy-
namics. This limit of charged particle multiplicity
may suggest a requirement for the possible forma-
tion of QGP droplets in high multiplicity pp colli-
sions [42, 43].
6. Although in this paper, a theoretical estimation
of various important thermodynamic quantities are
made as a function of final state multiplicity in pp
collisions in order to carry out a systematic study,
the physical interpretation of the low multiplicity
system has to be done with caution.
It would be interesting to go to higher multiplicity classes
by extending the same analysis to look for possible criti-
cality in the system, through the inclusion of higher col-
lision energies and collision species (p-Pb, Pb-Pb). How-
ever, it should be noted that higher final state multi-
plicity will lead the system towards a Boltzmann-Gibbs
statistical description. A smooth transition in terms of
system dynamics and statistical mechanics description
from hadronic to nuclear collision has been an issue al-
ways.
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